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Abstract

A nodal domain of a real vector associated with a graph is the
maximal induced subgraph of a graph on which the vector does not
change sign. We characterized the (maximum and minimum) number
of nodal domains of eigenvectors of Laplacian matrix of a cograph.
We also showed that the rank of the adjacency matrix of a cograph
is equal to the number of distinct nonzero columns of the adjacency
maftrix.
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1 Introduction

A graph G is called cograph if G has no induced subgraph P,. Cographs
arise in many disparate areas of mathematics and computer science. In this
article we consider the Laplacian and adjacency matrices of cographs. We



characterize the number of nodal domains of cographs with respect to the
Laplacian matrix, and the rank of the adjacency matrix of a cograph.

Let G = (V, E) be a graph with vertex set V' = {1,...,n} and edge set
E and let © = (z1,...,%,) be a real vector. We associate the real numbers
x; with the vertices i of G, for i = 1,...,n. A positive (negative) nodal
domain is a maximal connected induced subgraph of G' on vertices i € V
with z; > 0 (z; < 0). We denote by n(x) the number of nodal domains of
the vector z. For example, let G be the path F; and consider the vector
x = (1,2,—1,0,—1,3). The vector = has two positive nodal domains, two
negative nodal domains, and hence n(x) = 4.

Let G be a simple, undirected, loop-free graph with n vertices. We call
a symmetric real n x n matrix M a generalized Laplacian of G if m,, < 0
when u and v are adjacent vertices of G and m,, = 0 when u and v are
distinct and not adjacent. There are no constraints on the diagonal entries
of M. An important example is the Laplacian matriz L(G) = D(G) — A(G),
where A(G) is the adjacency matrix of G and D(G) is the diagonal matrix
of vertex degrees.

Let Ay < --- < )\, be the eigenvalues of a generalized Laplacian of G.
Then any eigenvector corresponding to eigenvalue A\, with multiplicity  has
at most k£ +r —1 nodal domains [6]. This theorem is called the discrete nodal
domain theorem and it is the discrete analogue of Courant’s nodal domain
theorem for elliptic operators on Riemannian manifolds, see e.g. [3].

The number of nodal domains can be much smaller than the bound ob-
tained from the discrete nodal domain theorem. It is also not easy to find the
maximum or minimum number of nodal domains. For example, for a tree
with n vertices: we can find for each eigenvalue the maximum number of
nodal domains is in O(n?) time [1]. On the other hand to find the minimum
number of nodal domains is NP-complete [1]. For the hypercubes the com-
plete spectral information is available for Laplacian matrix but it is an open
problem for most eigenvalues to find the minimum or maximum number of
nodal domains [2]. As we see this problem is much easier for cographs than
that for trees.

2 The Number of Nodal Domains of Cographs

Let G; = (V3, Ey) and Gy = (V,, Es) be graphs on disjoint sets of r and s
vertices, respectively. Their disjoint union G + G5 is the graph G + G5 =



Figure 1: The cograph G and the cotree T of GG

(V1 UVy, By U Es), and their join G * Go is the graph on n = r + s vertices
obtained from GG; + GG, by inserting new edges from each vertex of G; to each
vertex of Gs.

Cographs have several characterizations. The following tree representa-
tion with join and disjoint union operations is more suitable for our purpose.

Lemma 1 ([5]) To each cograph G = (V, E), one can associate a unique
rooted tree T, called the cotree of G. Fach leaf node of T corresponds to a
(unique) vertex of V.. Each internal node is labeled with a * or a +. Children
of nodes labeled with + are labeled with *, and vice versa. It is possible to
associate a cograph with each node of the cotree T'. Leaf nodes correspond to
the cograph with the one vertex they represent. Internal nodes labeled with
x(+ ) correspond to the join (disjoint union) of the cographs, corresponding to
the children of the node (see Figure 1). G equals the cograph corresponding
with the root of T. Cographs can be in O(|V| + |E|) time recognized, and in
the same time the corresponding cotree can be built.

It means that each cograph G is the disjoint union of two disjoint cographs
Gy and G9, G = G; + G4 or G is the join of two disjoint cographs G; and
GQ, G = G1 * GQ.

It is well-known that the eigenvalues of Laplacian matrix L(G) of a graph
G with n vertices are 0 = \y < --- < )\, and the trivial eigenvalue \; = 0



has the eigenvector e, = (1,...,1). Each eigenvector of L(G), which is
orthogonal to e,, has at least two entries with opposite sign.
The following lemma invites to look for the nodal domains of cographs.

Lemma 2 ([8]) Let Gy and G5 be graphs on disjoint sets of r and s vertices,
respectively. If pp < --- < u, and vy < --- < v, are eigenvalues of Laplace
matriz of G1 and G, respectively. Then the eigenvalues of G1 * Gy are
n=r-+S8 o+ S ..., U +8 Vo+r1,...,0s+71; and 0. Suppose y is an
eigenvector of Gy that is orthogonal to e,. Extend y to Gy x G by defining
it to be zero on V(Gy). If y affords the eigenvalue i, the extension of y
is an eigenvector of G x Gy affording p + s. Similarly an eigenvector of
G5 affording v extends to an eigenvector of Gy * Gy affording v + r. The
eigenvalue A\ = r + s corresponds to an eigenvector whose value is —s on
each of the r vertices of Gy and r on each of the s vertices of Gy. Finally,
the trivial eigenvalue is afforded by e, .

Obviously, the eigenvalues of the Laplace matrix of G| + G5 are the union of
eigenvalues of G; and G5 (respecting multiplicity). It follows from Lemmas
1 and 2 that the Laplacian eigenvalues of a cograph are integers and easy to
compute from its cotree.

Let T be a rooted tree and let v be a node of T. A subtree at v is the
induced tree by v and all descendants of v. Similarly, a subtree of v is the
subtree at one of the children of v.

Theorem 1 For each eigenvalue of the Laplace matriz of a cograph G =
(V,E) we can find an eigenvector with mazimum or minimum number of
nodal domains in O(|V| + |E|) time.

Proof: By Lemma 1 a cograph G has a unique cotree 7. Let v be a node of
the cotree T with subtrees 17, ..., T and G, ..., G} the respective cographs.
Let G, be the cograph corresponding with v as root. Now we show that the
number of nodal domains of GG, can be expressed in terms of the number of
nodal domains of Gy, ..., Gy. Let MaxND(A) and MinND(\) be eigenvectors
of the eigenvalue A\ with maximum and minimum number of nodal domains,
respectively.

If v has the label + (disjoint union), then the eigenvalues of G, are the
union of eigenvalues of Gi,...,Gy. Let x',...,2% be the eigenvectors of
A with maximum number of nodal domains. Then x = (2',...,z%) is the
eigenvector of A\ of cograph G, with maximum number of nodal domains
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and n(z) = ", n(z*). Similarly let y', ..., y* be the eigenvectors of \ with
minimum number of nodal domains. Then y = (0,...,0,¥%0,...,0) is the
eigenvector of A and MinND()\) = min{n(y}),...,n(y*)}.

If v has the label x (join operation), then an easy induction gives that
the eigenvalues of G, are |V(G,)| and Ag, + X4 [V(Gj)|, where A\g, >
0 is an eigenvalue of G; for ¢« = 1,...,k. By Lemma 2 the extension
(0,...,0,2%,0,...,0) of the eigenvector z* of \g, is an eigenvector of y =
A+ [V (G;)|. The eigenvectors {(0,...,0,2,0,...,0),...,(0,...,0,z"
,0,...,0)} span the eigenspace of u # |V (G,)| with respect to the choice
of the basis of Ag, ,...,Ag,, Where p = Ag, + X, [V(Gy)| = -+ =
Aay, + Xz, [V(G)]. The eigenvectors z,... 2" have at least two ver-
tices with opposite sign. By join operation all linear combinations of
0,...,0,2,0,...,0),...,(0,...,0,2%,0,...,0) have two nodal domains.
Therefore MaxND(p) = max{MaxND(Ag; ), ..., MaxND(Ag, )}. Similarly,
MinND(y) = 2 for p > 2 and MinND(u) = MinND()g, ) for p = 1. For
the eigenvalue p = |V(G,)| by Lemma 1 the children of the node v are
labeled with 4. Therefore each of the graphs Gy, ..., G} is either not con-
nected or a single vertex. Let ¢,...,c; be the number of connected com-
ponents of Gy,...,Gg. By Lemma 2 it is easy to see that MaxND(u) =
max{cy,...,ct} + 1 when the node v has more than two children and
MaxND(u) = ¢1 + ¢ when v has two children.

We have shown that it is enough to build the cotree of a cograph to find
MaxND(A) or MinND()\). By Lemma 1 we can build the cotree of G = (V, E)
in O(|V| + |E|) time. O

Corollary 1 The Laplacian eigenvalues of a complete k-partite graph K, .. n,
withny > -+ >mng are0; n=ny+---+ng; andn—ny, forio =1,... k. The
mazimum number of nodal domains of eigenvalues n and n —n; are equal to
ny + no and n;, respectively. The minimum number of nodal domains of all
eigenvalues are equal to two.

For an important subclass of cographs, namely threshold graphs, we can
directly compute the number of nodal domains without using Theorem 1. A
graph G = (V, F) is called as a threshold graph, if G does not contain one of
the three forbidden induced subgraph graphs, Ky + K5, Cy, or P;. Another
useful characterization of threshold graph is the following.

Lemma 3 ([4]) G is a connected threshold graph if and only if G = (K,U),
where K s a complete graph with a partition of non empty cliques K1, ..., K
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Figure 2: The typical structure of a threshold graph. A line between cells
K; and U; indicates that each vertex in K is adjacent to each vertex of Uj.

and U s an independent set with a partition of non empty independent sets
Ui, ..., Us. All vertices of K; are adjacent with all vertices of Uy, for 1 <
h <1t and fori=1,...,s. (see Figure 2)

In the next section we use this lemma to characterize the rank of a cograph.

By Lemmas 2 and 3 the Laplacian eigenvalues of a threshold graph are
obtained easily by induction; for a similar procedure see [7].

Corollary 2 Let G = (K,U) be a connected threshold graph with the parti-
tions K; and U;, fori=1,...,s. The eigenvalues of the Laplacian matriz of
G are 0; S0 Uil + 52 |K;| for h=1,...,s; S5, |K;| for h=2,...,s;
>i—1 [ K| when |Ui| > 2. The bounds for the number of nodal domains are:

(i) If \ =" Ui + >i—1 | K1, then

1. 2 <n(x) <|Up| +2 when h > 2,
2. 2 <n(x) <|Ui|+1 when h=1.

(ii) If A =35, | K|, then

1. 2 <n(z) <|Un| +1 when h > 2,
2. n(z) <|Ui| when h =1 and |Uy| > 2.

These bounds on n(x) are sharp. The special case G = K, is trivial.



Figure 3: The cotree T" and the threshold cotree 7' from T with leaves
Bi,...,By.

3 The Rank of Cographs

In this section we prove the following conjecture of T. Sillke about the rank
of cographs [10]: The rank of the adjacency matrix A(G) of a cograph G is
equal to the number of distinct nonzero columns of A(G).

First we characterize cographs G, where all columns of A(G) are different.
We prove that adjacency matrices of such cographs have also full rank.

By Lemma 1 we know that each cograph G has an associated rooted
cotree T. Tt is easy to see that we can get a new tree T’ from T such that
the leaf nodes of T" correspond to the set of threshold graphs. We look the
threshold maximal tree T' with leaf nodes By, ..., B, that means 7" has no
internal node with children B; and B; such that the corresponding cograph
of B; x Bj (B; + Bj) is a set of threshold graphs (see Figure 3). We call 7"
as threshold cotree of G.

Proposition 1 Let G = (V, E) be a cograph and T its (threshold) cotree T
Let v be a node of T and L the subtree at v. Let F' be vertices of G which
correspond to leaf nodes of L. Then the vertices of F' have same neighbors
in'V — F (we say also outside of F' or outside of the subtree L).

Proof: It is easy to see by induction from leaves to the root. O



Lemma 4 Let G be cograph and A(G) its adjacency matriz. All columns of
A(QG) are distinct and nonzero if and only if G has a threshold cotree T with
leaves By, ..., B, where B; are a set of threshold graphs and it holds:

(i) Each independent set U; of a threshold graph of B; has at most one
vertex.

(i1) All internal nodes of T with label + have at most one subtree L such
that the corresponding cograph of L has at most one isolated vertex.

Proof: Let all columns of A(G) be distinct and nonzero. Let 7" be a threshold
cotree of G with leaves Bi,...,B;. B; are set of threshold graphs. We
assume that B; has a threshold graph with |U;| > 2. By Proposition 1 all
vertices of U; have the same neighbors. Therefore the columns of vertices
of U; are equal, a contradiction. Let v be an internal node of 7" and v has
at least two subtrees with corresponding cographs with isolated vertices. By
Proposition 1, the corresponding vertices of these isolated vertices have the
same neighbors outside of these subtrees. Therefore their columns are equal.
The sufficiency part is easy to see by induction from leaves to the root. O

Theorem 2 Let G = (V,E) be a cograph and let A(G) be its adjacency
matriz. The rank of A(G) is equal to the number of distinct nonzero columns

of A(G).

Proof: We show by induction on the number of vertices of G. The case
|[V(G)] < 2is trivial. We assume that the assertion holds for |V (G)| < n—1.
We first consider the case that A(G) has at least two equal columns. Without
loss of generality we may assume that A(G) = [ay, ..., ay_2, Gy_1, a4y = ay_1],
where a; are the columns of the A(G) and the last two columns are equal.
Then rank(A(G)) = rank(A(G — v,)). G — v, is a cograph and by induc-
tion hypothesis, rank(A(G — v,)) is equal to the number of distinct nonzero
columns of the A(G — vy,).

It remains to consider the case that all columns of A(G) are different and
nonzero. This is the main part of the proof. We show that if all columns of
A(G) are different, then all columns of A(G) are linearly independent. Let
ai, ..., be the coefficient of columns ay,...,a, such that > |, a;a; = 0.
We have to show ay = --- = «,, = 0. Let T be the threshold cotree of GG
with leaves By, ..., B;. The B; are the set of threshold graphs. By Lemma,
4 each independent set U; of a threshold graph of B; has at most one vertex,
i.e. the adjacency matrix of such a threshold graph has the form
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K, Ky - K, U U, --- U,

K, A(K) 1 S 1 10 --- 0

Ky 1 A(Ky) 1 1 11 0 0

: 1 1 1 1 1 .0

K, 1 1 AK) 1 -0 o 1

Uy 1 1 e 1 o 0 -+ 0

U, 0 1 e 1 o 0 -+ 0

: 0 0 1 -

U, 0 0 1 0 -+ --- 0
Claim: Let v be the node of the threshold cotree T and L be the subtree
at v. Let ay,...,a; be the columns of vertices of corresponding cograph of
the subtree L. It exists a coefficient vy, where 1 < h < £ such that o; are

either a; = cjop, ¢; > 0o0r o =0for j =1,... k.

Before we prove the claim, let us apply the claim to the root of the
threshold cotree T'. Then o; = cjop, ¢;j >0 or j =0 for j =1,...,n. From

the row of an arbitrary vertex x of the cograph GG, we have

Z = ap Z c; = 0, then oy, = 0.

2j€E(G) zjEE(G)

Hence all coefficients are equal to zero. Therefore all columns of A(G) are
linearly independent.

We prove the claim by induction from leaves to the root of T'. Let H be
one of the threshold graphs of the leaf B; (for A(H) see above). By Lemma 3,
H = (K,U) and K; are cliques and U; are independent sets for i = 1,...,s.
It is easy to show that the coefficients of the vertices of the clique K; are
equal for 7 = 1,...,s. By Proposition 1 each vertex of threshold graph H
has the same neighbors outside of H. Let Ry be the sum of the coefficient
of these neighbors. By using the row belonging to U the coefficients of
Ky,...,K_y are zero. By the rows belonging to Us_1, ..., U, the coefficients
ay, = -+ =ay, , = 0. By one of the rows of K; and Uy we get ay, = ax,
where aj, is the coefficient of each vertex of Ky, since

aKS(|KS| — 1) + ay, + RH =0= OtKS|K5| + RH

Therefore we are finished for each threshold graph of B;. By Proposition 1
each threshold graph of B; has the same neighbors outside of B;. Hence we
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are also finished for the leaves B;. Let us now consider an internal node v
of T. Let L; and L, be the subtrees of v and G; and G5 the corresponding
cographs (we argue analogously to more subtrees). Let aq,...,a,_1 and
Gk, ...,a, be the columns of corresponding vertices of the cographs of L
and Lo, respectively. By induction hypothesis, a; = b;a,, b; > 0 or o; = 0
fori =1,...,k =1, where 1 < h < k-1 and a; = cjom, ¢;j > 0 or
aj =0 for j =k,...,r, where £ < p < r. Then Zf;ll o = Zf:_f b; and
Y-k = ag iy cj. By Proposition 1 all vertices of the corresponding
cographs of Ly and L, have the same neighbors outside of L; U L, and let
R be the sum of the coefficients of these neighbors. If v has the label *, we

look at the rows of the vertices h and p and obtain

r k—1
Z biOéh—FZCjOép—FR:O: Z CjOép—i-ZbiOéh—FR.
hi€E(G1) j=k piEE(G2) i=1

If v has the label +, then G; and G5 are connected. We look at the rows y
and z such that yh € E(G,) and 2p € E(G2) (otherwise a; = 0 or ay, = 0)
and we have

Z bZOéh+R:0: Z C]‘Oép+R.

YyicE(G) 2jEE(G2)
For both labels *x and + it follows that a; = cay, and ¢ > 0, and hence
induction is complete. O

During the final stages of the preparation of this article we became aware
that G.F. Royle [9] has recently found a quite different proof for Sillke’s
conjecture. Royle’s proof is based on properties of the characteristic polyno-
mials, while we exploit here the structure of cographs with respect to cotree
and threshold graphs.
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