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Abstra
t

A nodal domain of a real ve
tor asso
iated with a graph is the

maximal indu
ed subgraph of a graph on whi
h the ve
tor does not


hange sign. We 
hara
terized the (maximum and minimum) number

of nodal domains of eigenve
tors of Lapla
ian matrix of a 
ograph.

We also showed that the rank of the adja
en
y matrix of a 
ograph

is equal to the number of distin
t nonzero 
olumns of the adja
en
y

matrix.
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1 Introdu
tion

A graph G is 
alled 
ograph if G has no indu
ed subgraph P

4

. Cographs

arise in many disparate areas of mathemati
s and 
omputer s
ien
e. In this

arti
le we 
onsider the Lapla
ian and adja
en
y matri
es of 
ographs. We
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hara
terize the number of nodal domains of 
ographs with respe
t to the

Lapla
ian matrix, and the rank of the adja
en
y matrix of a 
ograph.

Let G = (V;E) be a graph with vertex set V = f1; : : : ; ng and edge set

E and let x = (x

1

; : : : ; x

n

) be a real ve
tor. We asso
iate the real numbers

x

i

with the verti
es i of G, for i = 1; : : : ; n. A positive (negative) nodal

domain is a maximal 
onne
ted indu
ed subgraph of G on verti
es i 2 V

with x

i

> 0 (x

i

< 0). We denote by �(x) the number of nodal domains of

the ve
tor x. For example, let G be the path P

6

and 
onsider the ve
tor

x = (1; 2;�1; 0;�1; 3). The ve
tor x has two positive nodal domains, two

negative nodal domains, and hen
e �(x) = 4.

Let G be a simple, undire
ted, loop-free graph with n verti
es. We 
all

a symmetri
 real n � n matrix M a generalized Lapla
ian of G if m

uv

< 0

when u and v are adja
ent verti
es of G and m

uv

= 0 when u and v are

distin
t and not adja
ent. There are no 
onstraints on the diagonal entries

of M . An important example is the Lapla
ian matrix L(G) = D(G)�A(G),

where A(G) is the adja
en
y matrix of G and D(G) is the diagonal matrix

of vertex degrees.

Let �

1

� � � � � �

n

be the eigenvalues of a generalized Lapla
ian of G.

Then any eigenve
tor 
orresponding to eigenvalue �

k

with multipli
ity r has

at most k+r�1 nodal domains [6℄. This theorem is 
alled the dis
rete nodal

domain theorem and it is the dis
rete analogue of Courant's nodal domain

theorem for ellipti
 operators on Riemannian manifolds, see e.g. [3℄.

The number of nodal domains 
an be mu
h smaller than the bound ob-

tained from the dis
rete nodal domain theorem. It is also not easy to �nd the

maximum or minimum number of nodal domains. For example, for a tree

with n verti
es: we 
an �nd for ea
h eigenvalue the maximum number of

nodal domains is in O(n

2

) time [1℄. On the other hand to �nd the minimum

number of nodal domains is NP-
omplete [1℄. For the hyper
ubes the 
om-

plete spe
tral information is available for Lapla
ian matrix but it is an open

problem for most eigenvalues to �nd the minimum or maximum number of

nodal domains [2℄. As we see this problem is mu
h easier for 
ographs than

that for trees.

2 The Number of Nodal Domains of Cographs

Let G

1

= (V

1

; E

1

) and G

2

= (V

2

; E

2

) be graphs on disjoint sets of r and s

verti
es, respe
tively. Their disjoint union G

1

+G

2

is the graph G

1

+G

2

=

2
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Figure 1: The 
ograph G and the 
otree T of G

(V

1

[ V

2

; E

1

[ E

2

), and their join G

1

�G

2

is the graph on n = r + s verti
es

obtained from G

1

+G

2

by inserting new edges from ea
h vertex of G

1

to ea
h

vertex of G

2

.

Cographs have several 
hara
terizations. The following tree representa-

tion with join and disjoint union operations is more suitable for our purpose.

Lemma 1 ([5℄) To ea
h 
ograph G = (V;E), one 
an asso
iate a unique

rooted tree T , 
alled the 
otree of G. Ea
h leaf node of T 
orresponds to a

(unique) vertex of V . Ea
h internal node is labeled with a � or a +. Children

of nodes labeled with + are labeled with �, and vi
e versa. It is possible to

asso
iate a 
ograph with ea
h node of the 
otree T . Leaf nodes 
orrespond to

the 
ograph with the one vertex they represent. Internal nodes labeled with

�(+) 
orrespond to the join (disjoint union) of the 
ographs, 
orresponding to

the 
hildren of the node (see Figure 1). G equals the 
ograph 
orresponding

with the root of T . Cographs 
an be in O(jV j + jEj) time re
ognized, and in

the same time the 
orresponding 
otree 
an be built.

It means that ea
h 
ograph G is the disjoint union of two disjoint 
ographs

G

1

and G

2

, G = G

1

+ G

2

or G is the join of two disjoint 
ographs G

1

and

G

2

, G = G

1

�G

2

.

It is well-known that the eigenvalues of Lapla
ian matrix L(G) of a graph

G with n verti
es are 0 = �

1

� � � � � �

n

and the trivial eigenvalue �

1

= 0

3



has the eigenve
tor e

n

= (1; : : : ; 1). Ea
h eigenve
tor of L(G), whi
h is

orthogonal to e

n

, has at least two entries with opposite sign.

The following lemma invites to look for the nodal domains of 
ographs.

Lemma 2 ([8℄) Let G

1

and G

2

be graphs on disjoint sets of r and s verti
es,

respe
tively. If �

1

� � � � � �

r

and �

1

� � � � � �

s

are eigenvalues of Lapla
e

matrix of G

1

and G

2

, respe
tively. Then the eigenvalues of G

1

� G

2

are

n = r + s; �

2

+ s; : : : ; �

r

+ s; �

2

+ r; : : : ; �

s

+ r; and 0. Suppose y is an

eigenve
tor of G

1

that is orthogonal to e

r

. Extend y to G

1

� G

2

by de�ning

it to be zero on V (G

2

). If y a�ords the eigenvalue �, the extension of y

is an eigenve
tor of G

1

� G

2

a�ording � + s. Similarly an eigenve
tor of

G

2

a�ording � extends to an eigenve
tor of G

1

� G

2

a�ording � + r. The

eigenvalue � = r + s 
orresponds to an eigenve
tor whose value is �s on

ea
h of the r verti
es of G

1

and r on ea
h of the s verti
es of G

2

. Finally,

the trivial eigenvalue is a�orded by e

r+s

.

Obviously, the eigenvalues of the Lapla
e matrix of G

1

+G

2

are the union of

eigenvalues of G

1

and G

2

(respe
ting multipli
ity). It follows from Lemmas

1 and 2 that the Lapla
ian eigenvalues of a 
ograph are integers and easy to


ompute from its 
otree.

Let T be a rooted tree and let v be a node of T . A subtree at v is the

indu
ed tree by v and all des
endants of v. Similarly, a subtree of v is the

subtree at one of the 
hildren of v.

Theorem 1 For ea
h eigenvalue of the Lapla
e matrix of a 
ograph G =

(V;E) we 
an �nd an eigenve
tor with maximum or minimum number of

nodal domains in O(jV j+ jEj) time.

Proof: By Lemma 1 a 
ograph G has a unique 
otree T . Let v be a node of

the 
otree T with subtrees T

1

; : : : ; T

k

and G

1

; : : : ; G

k

the respe
tive 
ographs.

Let G

v

be the 
ograph 
orresponding with v as root. Now we show that the

number of nodal domains of G

v


an be expressed in terms of the number of

nodal domains of G

1

; : : : ; G

k

. Let MaxND(�) and MinND(�) be eigenve
tors

of the eigenvalue � with maximum and minimum number of nodal domains,

respe
tively.

If v has the label + (disjoint union), then the eigenvalues of G

v

are the

union of eigenvalues of G

1

; : : : ; G

k

. Let x

1

; : : : ; x

k

be the eigenve
tors of

� with maximum number of nodal domains. Then x = (x

1

; : : : ; x

k

) is the

eigenve
tor of � of 
ograph G

v

with maximum number of nodal domains

4



and �(x) =

P

n

i=1

�(x

i

). Similarly let y

1

; : : : ; y

k

be the eigenve
tors of � with

minimum number of nodal domains. Then y = (0; : : : ; 0; y

i

; 0; : : : ; 0) is the

eigenve
tor of � and MinND(�) = minf�(y

1

); : : : ; �(y

k

)g.

If v has the label � (join operation), then an easy indu
tion gives that

the eigenvalues of G

v

are jV (G

v

)j and �

G

i

+

P

j 6=i

jV (G

j

)j, where �

G

i

>

0 is an eigenvalue of G

i

for i = 1; : : : ; k. By Lemma 2 the extension

(0; : : : ; 0; x

i

; 0; : : : ; 0) of the eigenve
tor x

i

of �

G

i

is an eigenve
tor of � =

�

G

i

+

P

j 6=i

jV (G

j

)j. The eigenve
tors f(0; : : : ; 0; x

i

1

; 0; : : : ; 0); : : : ; (0; : : : ; 0; x

i

p

; 0; : : : ; 0)g span the eigenspa
e of � 6= jV (G

v

)j with respe
t to the 
hoi
e

of the basis of �

G

i

1

; : : : ; �

G

i

p

, where � = �

G

i

1

+

P

j 6=i

1

jV (G

j

)j = � � � =

�

G

i

p

+

P

j 6=i

p

jV (G

j

)j. The eigenve
tors x

i

1

; : : : ; x

i

p

have at least two ver-

ti
es with opposite sign. By join operation all linear 
ombinations of

(0; : : : ; 0; x

i

1

; 0; : : : ; 0); : : : ; (0; : : : ; 0; x

i

p

; 0; : : : ; 0) have two nodal domains.

Therefore MaxND(�) = maxfMaxND(�

G

i

1

); : : : ;MaxND(�

G

i

p

)g: Similarly,

MinND(�) = 2 for p � 2 and MinND(�) = MinND(�

G

i

1

) for p = 1. For

the eigenvalue � = jV (G

v

)j by Lemma 1 the 
hildren of the node v are

labeled with +. Therefore ea
h of the graphs G

1

; : : : ; G

k

is either not 
on-

ne
ted or a single vertex. Let 


1

; : : : ; 


k

be the number of 
onne
ted 
om-

ponents of G

1

; : : : ; G

k

. By Lemma 2 it is easy to see that MaxND(�) =

maxf


1

; : : : ; 


k

g+ 1 when the node v has more than two 
hildren and

MaxND(�) = 


1

+ 


2

when v has two 
hildren.

We have shown that it is enough to build the 
otree of a 
ograph to �nd

MaxND(�) or MinND(�). By Lemma 1 we 
an build the 
otree of G = (V;E)

in O(jV j+ jEj) time. 2

Corollary 1 The Lapla
ian eigenvalues of a 
omplete k-partite graphK

n

1

;:::;n

k

with n

1

� � � � � n

k

are 0; n = n

1

+ � � �+n

k

; and n�n

i

, for i = 1; : : : ; k. The

maximum number of nodal domains of eigenvalues n and n� n

i

are equal to

n

1

+ n

2

and n

i

, respe
tively. The minimum number of nodal domains of all

eigenvalues are equal to two.

For an important sub
lass of 
ographs, namely threshold graphs, we 
an

dire
tly 
ompute the number of nodal domains without using Theorem 1. A

graph G = (V;E) is 
alled as a threshold graph, if G does not 
ontain one of

the three forbidden indu
ed subgraph graphs, K

2

+K

2

, C

4

, or P

4

. Another

useful 
hara
terization of threshold graph is the following.

Lemma 3 ([4℄) G is a 
onne
ted threshold graph if and only if G = (K;U),

where K is a 
omplete graph with a partition of non empty 
liques K

1

; : : : ; K

s

5
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Figure 2: The typi
al stru
ture of a threshold graph. A line between 
ells

K

i

and U

j

indi
ates that ea
h vertex in K

i

is adja
ent to ea
h vertex of U

j

.

and U is an independent set with a partition of non empty independent sets

U

1

; : : : ; U

s

. All verti
es of K

i

are adja
ent with all verti
es of U

h

, for 1 �

h � i and for i = 1; : : : ; s. (see Figure 2)

In the next se
tion we use this lemma to 
hara
terize the rank of a 
ograph.

By Lemmas 2 and 3 the Lapla
ian eigenvalues of a threshold graph are

obtained easily by indu
tion; for a similar pro
edure see [7℄.

Corollary 2 Let G = (K;U) be a 
onne
ted threshold graph with the parti-

tions K

i

and U

i

, for i = 1; : : : ; s. The eigenvalues of the Lapla
ian matrix of

G are 0;

P

h

i=1

jU

i

j +

P

s

j=1

jK

j

j for h = 1; : : : ; s;

P

s

j=h

jK

j

j for h = 2; : : : ; s;

P

s

j=1

jK

j

j when jU

1

j � 2. The bounds for the number of nodal domains are:

(i) If � =

P

h

i=1

jU

i

j+

P

s

j=1

jK

j

j, then

1. 2 � �(x) � jU

h

j+ 2 when h � 2,

2. 2 � �(x) � jU

1

j+ 1 when h = 1.

(ii) If � =

P

s

j=h

jK

j

j, then

1. 2 � �(x) � jU

h

j+ 1 when h � 2,

2. �(x) � jU

1

j when h = 1 and jU

1

j � 2.

These bounds on �(x) are sharp. The spe
ial 
ase G = K

n

is trivial.
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Figure 3: The 
otree T and the threshold 
otree T

0

from T with leaves

B

1

; : : : ; B

4

.

3 The Rank of Cographs

In this se
tion we prove the following 
onje
ture of T. Sillke about the rank

of 
ographs [10℄: The rank of the adja
en
y matrix A(G) of a 
ograph G is

equal to the number of distin
t nonzero 
olumns of A(G).

First we 
hara
terize 
ographs G, where all 
olumns of A(G) are di�erent.

We prove that adja
en
y matri
es of su
h 
ographs have also full rank.

By Lemma 1 we know that ea
h 
ograph G has an asso
iated rooted


otree T . It is easy to see that we 
an get a new tree T

0

from T su
h that

the leaf nodes of T

0


orrespond to the set of threshold graphs. We look the

threshold maximal tree T

0

with leaf nodes B

1

; : : : ; B

s

, that means T

0

has no

internal node with 
hildren B

i

and B

j

su
h that the 
orresponding 
ograph

of B

i

� B

j

(B

i

+ B

j

) is a set of threshold graphs (see Figure 3). We 
all T

0

as threshold 
otree of G.

Proposition 1 Let G = (V;E) be a 
ograph and T its (threshold) 
otree T .

Let v be a node of T and L the subtree at v. Let F be verti
es of G whi
h


orrespond to leaf nodes of L. Then the verti
es of F have same neighbors

in V � F (we say also outside of F or outside of the subtree L).

Proof: It is easy to see by indu
tion from leaves to the root. 2

7



Lemma 4 Let G be 
ograph and A(G) its adja
en
y matrix. All 
olumns of

A(G) are distin
t and nonzero if and only if G has a threshold 
otree T with

leaves B

1

; : : : ; B

s

, where B

j

are a set of threshold graphs and it holds:

(i) Ea
h independent set U

i

of a threshold graph of B

j

has at most one

vertex.

(ii) All internal nodes of T with label + have at most one subtree L su
h

that the 
orresponding 
ograph of L has at most one isolated vertex.

Proof: Let all 
olumns of A(G) be distin
t and nonzero. Let T be a threshold


otree of G with leaves B

1

; : : : ; B

s

. B

j

are set of threshold graphs. We

assume that B

j

has a threshold graph with jU

i

j � 2. By Proposition 1 all

verti
es of U

i

have the same neighbors. Therefore the 
olumns of verti
es

of U

i

are equal, a 
ontradi
tion. Let v be an internal node of T and v has

at least two subtrees with 
orresponding 
ographs with isolated verti
es. By

Proposition 1, the 
orresponding verti
es of these isolated verti
es have the

same neighbors outside of these subtrees. Therefore their 
olumns are equal.

The suÆ
ien
y part is easy to see by indu
tion from leaves to the root. 2

Theorem 2 Let G = (V;E) be a 
ograph and let A(G) be its adja
en
y

matrix. The rank of A(G) is equal to the number of distin
t nonzero 
olumns

of A(G).

Proof: We show by indu
tion on the number of verti
es of G. The 
ase

jV (G)j � 2 is trivial. We assume that the assertion holds for jV (G)j � n�1.

We �rst 
onsider the 
ase that A(G) has at least two equal 
olumns. Without

loss of generality we may assume that A(G) = [a

1

; :::; a

n�2

; a

n�1

; a

n

= a

n�1

℄,

where a

i

are the 
olumns of the A(G) and the last two 
olumns are equal.

Then rank(A(G)) = rank(A(G � v

n

)). G � v

n

is a 
ograph and by indu
-

tion hypothesis, rank(A(G� v

n

)) is equal to the number of distin
t nonzero


olumns of the A(G� v

n

).

It remains to 
onsider the 
ase that all 
olumns of A(G) are di�erent and

nonzero. This is the main part of the proof. We show that if all 
olumns of

A(G) are di�erent, then all 
olumns of A(G) are linearly independent. Let

�

1

; : : : ; �

n

be the 
oeÆ
ient of 
olumns a

1

; : : : ; a

n

su
h that

P

n

i=1

�

i

a

i

= 0.

We have to show �

1

= � � � = �

n

= 0. Let T be the threshold 
otree of G

with leaves B

1

; : : : ; B

s

. The B

j

are the set of threshold graphs. By Lemma,

4 ea
h independent set U

i

of a threshold graph of B

j

has at most one vertex,

i.e. the adja
en
y matrix of su
h a threshold graph has the form

8



K

1

K

2

� � � K

s

U

1

U

2

� � � U

s

K

1

A(K

1

) 1 � � � 1 1 0 � � � 0

K

2

1 A(K

2

) 1 1 1 1 0 0

.

.

. 1 1

.

.

.

1 1 1

.

.

.

0

K

s

1 � � � 1 A(K

s

) 1 � � � � � � 1

U

1

1 1 � � � 1 0 0 � � � 0

U

2

0 1 � � � 1 0 0 � � � 0

.

.

. 0 0

.

.

.

1

.

.

.

.

.

.

.

.

.

.

.

.

U

s

0 � � � 0 1 0 � � � � � � 0

Claim: Let v be the node of the threshold 
otree T and L be the subtree

at v. Let a

1

; : : : ; a

k

be the 
olumns of verti
es of 
orresponding 
ograph of

the subtree L. It exists a 
oeÆ
ient �

h

, where 1 � h � k su
h that �

j

are

either �

j

= 


j

�

h

, 


j

> 0 or �

j

= 0 for j = 1; : : : ; k.

Before we prove the 
laim, let us apply the 
laim to the root of the

threshold 
otree T . Then �

j

= 


j

�

h

, 


j

> 0 or �

j

= 0 for j = 1; : : : ; n. From

the row of an arbitrary vertex x of the 
ograph G, we have

X

xj2E(G)

�

j

= �

h

X

xj2E(G)




j

= 0; then �

h

= 0:

Hen
e all 
oeÆ
ients are equal to zero. Therefore all 
olumns of A(G) are

linearly independent.

We prove the 
laim by indu
tion from leaves to the root of T . Let H be

one of the threshold graphs of the leaf B

j

(for A(H) see above). By Lemma 3,

H = (K;U) and K

i

are 
liques and U

i

are independent sets for i = 1; : : : ; s.

It is easy to show that the 
oeÆ
ients of the verti
es of the 
lique K

i

are

equal for i = 1; : : : ; s. By Proposition 1 ea
h vertex of threshold graph H

has the same neighbors outside of H. Let R

H

be the sum of the 
oeÆ
ient

of these neighbors. By using the row belonging to U

s

the 
oeÆ
ients of

K

1

; : : : ; K

s�1

are zero. By the rows belonging to U

s�1

; : : : ; U

1

, the 
oeÆ
ients

�

U

1

= � � � = �

U

s�1

= 0. By one of the rows of K

s

and U

s

we get �

U

s

= �

K

s

where �

K

s

is the 
oeÆ
ient of ea
h vertex of K

s

, sin
e

�

K

s

(jK

s

j � 1) + �

U

s

+R

H

= 0 = �

K

s

jK

s

j+R

H

:

Therefore we are �nished for ea
h threshold graph of B

j

. By Proposition 1

ea
h threshold graph of B

j

has the same neighbors outside of B

j

. Hen
e we
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are also �nished for the leaves B

j

. Let us now 
onsider an internal node v

of T . Let L

1

and L

2

be the subtrees of v and G

1

and G

2

the 
orresponding


ographs (we argue analogously to more subtrees). Let a

1

; : : : ; a

k�1

and

a

k

; : : : ; a

r

be the 
olumns of 
orresponding verti
es of the 
ographs of L

1

and L

2

, respe
tively. By indu
tion hypothesis, �

i

= b

i

�

h

, b

i

> 0 or �

i

= 0

for i = 1; : : : ; k � 1, where 1 � h � k � 1 and �

j

= 


j

�

m

, 


j

> 0 or

�

j

= 0 for j = k; : : : ; r, where k � p � r. Then

P

k�1

i=1

�

i

= �

1

P

k�1

i=1

b

i

and

P

r

j=k

�

j

= �

k

P

r

j=k




j

. By Proposition 1 all verti
es of the 
orresponding


ographs of L

1

and L

2

have the same neighbors outside of L

1

[ L

2

and let

R be the sum of the 
oeÆ
ients of these neighbors. If v has the label �, we

look at the rows of the verti
es h and p and obtain

X

hi2E(G

1

)

b

i

�

h

+

r

X

j=k




j

�

p

+R = 0 =

X

pj2E(G

2

)




j

�

p

+

k�1

X

i=1

b

i

�

h

+R:

If v has the label +, then G

1

and G

2

are 
onne
ted. We look at the rows y

and z su
h that yh 2 E(G

1

) and zp 2 E(G

2

) (otherwise �

1

= 0 or �

k

= 0)

and we have

X

yi2E(G

1

)

b

i

�

h

+R = 0 =

X

zj2E(G

2

)




j

�

p

+R:

For both labels � and + it follows that �

1

= 
�

k

and 
 > 0, and hen
e

indu
tion is 
omplete. 2

During the �nal stages of the preparation of this arti
le we be
ame aware

that G.F. Royle [9℄ has re
ently found a quite di�erent proof for Sillke's


onje
ture. Royle's proof is based on properties of the 
hara
teristi
 polyno-

mials, while we exploit here the stru
ture of 
ographs with respe
t to 
otree

and threshold graphs.

4 A
knowledgment

I thank J. Leydold and P.F. Stadler for helpful dis
ussions. This work

was supported by the Austrian Fonds zur F�orderung der Wissens
haftli
hen

Fors
hung Proj. 14094-MAT.

Referen
es

[1℄ T. B�y�ko�glu, A Dis
rete Nodal Domain Theorem for Trees, Linear Al-

gebra Appl., to appear.

10



[2℄ T. B�y�ko�glu, W. Hordijk, J. Leydold, T. Pisanski, P.F. Stadler, Graph

Lapla
ians, Nodal Domain, and Hyperplane Arrangements, submitted.

[3℄ I. Chavel, Eigenvalues in Riemannian Geometry, A
ademi
 Press, Or-

lando Fl., 1984.

[4℄ V. Chv�atal, P.L. Hammer, Univ. Waterloo Res. Report, CORR 73-21

(1973).

[5℄ D.G. Corneil, Y. Perl, L.K. Stewart, A linear re
ognition algorithm for


ographs, SIAM J. Comput. 14 (1985) 926-934.

[6℄ E.B. Davies, G.M.L. Gladwell, J. Leydold, P.F. Stadler, Dis
rete nodal

domain theorems, Linear Algebra Appl. 336 (2001) 51-60.

[7℄ P.L. Hammer, A.K. Kelmans, Lapla
ian spe
tra and spanning trees of

threshold graphs, Dis
rete Appl. Math. 65 (1996) 255-273.

[8℄ R. Merris, Lapla
ian graph eigenve
tors, Linear Algebra Appl. 278

(1998) 221-236.

[9℄ G.F. Royle, The rank of a 
ograph, submitted.

[10℄ T. Sillke, http://www.mathematik.uni-bielefeld.de/�sillke/PROBLEMS/
ograph.

11


